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FUNCTIONAL EQUATIONS OF THE DILOGARITHM IN
MOTIVIC COHOMOLOGY
OLIVER PETRAS
Abstrat. We prove relations between frational linear yles in Bloh's inte-
gral ubial higher Chow omplex in odimension two of number elds, whih
orrespond to funtional equations of the dilogarithm. These relations sue,
as we shall demonstrate with a few examples, to write down enough relations
in Bloh's integral higher Chow group CH2(F, 3) for ertain number elds F
to detet torsion yles. Using the regulator map to Deligne ohomology, one
an hek the non-triviality of the torsion yles thus obtained.
Using this ombination of methods, we obtain expliit higher Chow yles
generating the integral motivi ohomology groups of some number elds.
1. Introdution
Computing integral motivi ohomology groups Hp,qM (X,Z) of a smooth sheme
X over some eld k expliitly is a very hard task in general. Even rationally,
there are many examples of shemes with innite dimensional motivi ohomology
spaes Hp,qM (X,Z)⊗ZQ. But at least for rings of integers OF for number elds F ,
where motivi ohomology is only a renement of algebrai Ktheory, one has the
following theorem:
Theorem 1.1 (Borel [Bor77℄).
dim
Q
(Kn(OF )⊗Q) =


1, n = 0,
0, n ≥ 2 even,
r1 + r2 − 1, n = 1,
r2, n = 2m− 1,m even,
r1 + r2, n = 2m− 1,m odd,
where r1 (resp. r2) denotes the number of real (resp. not onjugate omplex)
embeddings of F into C.
Sine K2n−1(OF ) ∼= K2n−1(F ) for n ≥ 2 [Wei05℄, at least for number elds,
where the algebrai Kgroups are nitely generated abelian groups, it should be
possible to nd expliit generators of the integral motivi ohomology. This an be
done using their onnetions to other, better understood, groups.
First, Voevodsky has shown [Voe℄ that for a smooth quasi-projetive variety X
over some eld k we have Hp,qM (X,Z) ∼= CHq(X, 2q − p), where the latter groups
denote Bloh's higher Chow groups [Blo86℄. We shall investigate CH2(F, 3) :=
CH2(Spec(F ), 3) for number elds F . By results of Suslin [Sus86℄ it is known
that CH2(F, 3) ∼= Kind3 (F ), where the right-hand side denotes the indeomposable
part of Quillen's algebrai Kgroup K3(F ) dened as its quotient by the image of
Milnor's Kgroup KM3 (F ).
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Seondly, Bloh and K°íº have used the ubial version of higher Chow groups
in their work on mixed Tate motives to dene a natural homomorphism
ρ2 : Z[F
×]→ Z2(F, 3)
from the group ring of F× to the yle omplex of admissible yles of odimension
two in the ane 3-ube over F (f. [BK95℄). By the work of Gangl and Müller-Stah
[GMS99℄, this map indues a well-dened homomorphism
ρ2 ⊗Q : B2(F )⊗Q −→ CH2(F, 3)⊗Q,
whih is supposed to indue a rational isomorphism between the so-alled Bloh
group B2(F ) and the higher Chow group of F . We reall here that the Bloh
group is roughly given by the subquotient of the free abelian group Z[F×] modulo
relations reeting funtional equations of the dilogarithm [Sus86℄.
Gangl's and Müller-Stah's method to prove the well-denedness of the map
ρ2⊗Q was to prove the relations among the images of (ρ2⊗Q)(a), a ∈ F×, i.e. to
nd appropriate yles, in Bloh's rational higher Chow omplex orresponding to
the funtional equations of the dilogarithm whih dene the Bloh group B2(F ).
In this artile, we shall omplete the relations from [GMS99℄ in Bloh's rational
higher Chow omplex to relations among the images of ρ2(a), a ∈ F×, in Bloh's
integral higher Chow omplex. This enables us to write down enough relations,
i.e. yles, in the integral higher Chow groups in odimension two of some number
elds to nd torsion yles. With the help of the generalized Abel  Jaobi map
of [KLMS06℄ we an also determine the non-triviality of these torsion yles. One
we know the order of CH2(F, 3)tors for some number eld F (e.g. from [Wei05℄),
we an at least in priniple use our methods to nd generators among the images
ρ2(a) for spei a ∈ F×.
This is part of the author's dotoral thesis at the Johannes Gutenberg  Uni-
versität Mainz. Other parts of the thesis about similar omputations in CH3(F, 5)
will appear elsewhere.
Aknowledgment. I most heartily would like to thank Stefan Müller-Stah for
posing the original problem, his exellent supervision of my work and very great
enouragement throughout the time in Mainz when progress was slow. Further, I
thank Herbert Gangl very warmly for several disussions, the invitation to Durham,
new ways of looking at my results and ideas to larify the presentation.
Many thanks to an unknown referee who enormously helped to improve a preprint
form of this artile and also pointed out the referene to Hulsbergen's book.
Finally, nanial support from the DFG projet Mu 825/5-1 and the SFB/TR
45 is greatly aknowledged.
Notation. In the text, we let k be an arbitrary eld, while F always denotes an
innite eld, e.g. a number eld. All tensor produts are taken in the ategory of
Z-modules.
2. Bloh's higher Chow groups
Let us begin by realling the denition of Bloh's higher Chow groups. Sine
there are many good expositions in literature, we only onsider the ubial version
keeping in mind that Levine [Lev94℄ established a quasiisomorphism to the original
simpliial version due to Bloh [Blo86℄.
We let k be a eld and
n
k
= (P1
k
\ {1})n
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with oordinates (z1, . . . , zn) be the algebrai standard ube with 2
n
faes of odi-
mension 1:
∂n
k
=
n⋃
i=1
{(z1, . . . , zn) ∈ n
k
|zi ∈ {0,∞}}
and faes of odimension k
∂kn
k
=
⋃
i1<...<ik
{(z1, . . . , zn) ∈ n
k
|zi1 , . . . , zik ∈ {0,∞}}.
In ase the eld k is lear or irrelevant, we shall drop the subsript in the rest of the
artile. We now let X be a smooth quasi-projetive variety over k and then write
Zp(X,n) = cp(X,n)/dp(X,n) for the quotient of the free abelian group cp(X,n)
generated by integral losed algebrai subvarieties of odimension p in X×n
k
whih
are admissible (i.e. meeting all faes of all odimensions in odimension p again 
or not at all) modulo the subgroup dp(X,n) of degenerate yles (i.e. pull-baks
of X × facets, where a faet is a omponent of ∂n by oordinate projetions
n → n−1). These groups form a simpliial abelian group:
. . . Zp(X, 3)
→→→→ Z
p(X, 2)
→→→ Zp(X, 1) →→ Zp(X, 0).
Denition 2.1. Bloh's higher Chow groups CHp(X,n) are the homotopy or
equivalently homology groups of the above omplex with respet to Bloh's bound-
ary map given by
∂B =
∑
i
(−1)i−1(∂0i − ∂∞i ),
where ∂0i , ∂
∞
i denote the restrition maps to the faes zi = 0 resp. zi =∞:
CHp(X,n) := πn(Z
p(X, •)) = Hn(Zp(X, •), ∂B).
Theorem 2.2 ([FV99℄). Assume that a eld k admits resolution of singularities
and let X be a smooth quasi-projetive variety over k. Then Bloh's higher Chow
groups are isomorphi to the motivi ohomology groups:
CHp(X,n) ∼= H2p−n,p(X,Z).
The higher Chow groups satisfy several formal properties as expeted of motivi
ohomology: Loalization, the homotopy axiom, they admit produts for smooth
varieties, and there is a regulator map to Deligne  Beilinson ohomology, whih we
introdue in the next setion. We also mention the following omparison theorem:
Theorem 2.3 ([Lev94℄,[Blo95℄). Let X be a smooth, quasiprojetive variety of
dimension d over a eld k. Let further grqγKn(X) be the q
th
piee of the weight
ltration of Quillen's Ktheory of X. Then
grqγKn(X)⊗ Z
[
1
(n+ d− 1)!
]
∼= CHq(X,n)⊗ Z
[
1
(n+ d− 1)!
]
.
More generally, there is a spetral sequene
CH−q(X,−p− q)⇒ K−p−q(X)
for an equidimensional sheme X over k abutting to Ktheory and induing the
above isomorphism after tensoring with Q.
Thus, we an transfer the information from Bloh's higher Chow groups to in-
formation about the algebrai Kgroups, whih are in general almost impossible to
desribe expliitly.
Conjeture 2.4. If k satises the rank onjeture of Suslin, e.g. if k = F is a
number eld, the ubial higher Chow groups CHp(F, p + q), q ≥ 0, are generated
by frational linear yles.
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Remark 2.5. The latter onjeture is a theorem of Gerdes for q = 0, 1 [Ger91℄.
This is the ruial fat for the work of Gangl, Müller-Stah, Zhao and the present
author, sine the Totaro yles are spei frational linear yles. Thus, it makes
sense to look for generators of higher Chow groups among these.
3. The Abel  Jaobi map
As we have seen, the higher Chow groups are in some way a renement of
Quillen's algebrai Kgroups. So it is natural to ask for a rened regulator map
from Bloh's higher Chow groups to some Bloh  Ogus ohomology theory. Suh
a regulator map to Deligne  Beilinson ohomology was proposed by Bloh in
[Blo94a℄. In this setion, we introdue Deligne ohomologyH•D(X,Z(∗)) for analyti
varieties X/C with assoiated analyti spaes Xan whih sues for our purposes
and desribe the generalized Abel  Jaobi map of [KLMS06℄:
(1) Φp,n : CH
p(X,n)→ H2p−nD (Xan,Z(p)).
Remark 3.1. We shall work in the analyti topology and write ΩkX for the sheaf of
holomorphi k-forms onX . In ontrast, we let Ωp,qX be the sheaf of C∞-forms of type
(p, q) on the assoiated analyti variety Xan and Dp,qX be the sheaf of distributions
on C∞-forms on Xan of type (m − p,m − q). If we are only interested in the
total degree, we set ΩkX := ⊕p+q=kΩp,qX as well as DkX := ⊕p+q=kDp,qX . Finally,
ohomology groups without subsript denote Betti ohomology groups.
Deligne ohomology and its properties are niely explained in full generality in
[EV88℄ and [Ja℄. Here, we will restrit ourselves to a very elementary exposition of
the Deligne one omplex and its homology.
Remark 3.2. In general, reall that if µ : A• → B• is a morphism of omplexes,
then the one omplex is given by
(2) Cone(A•
µ−→ B•) := A•[1]⊕B•
with dierential δ : A•+1 ⊕B• → A•+2 ⊕B• given by δ(a, b) = (−da, µ(a) + db).
Denition 3.3. Let X be a smooth projetive variety over C of dimension m and
let A ⊆ R be a subring with A(p) := (2πi)pA ⊆ C. Let further Ck(Xan;Z(p))
denote the singular C∞-hains of real odimension k on Xan with oeients in
Z(p), whih omprise the well-known omplex (C•(Xan;Z(p)), d). Then
C•D(X
an,Z(p)) := Cone
{
C•(Xan;Z(p))⊕ F pD•X(Xan) ǫ−l−→ D•X(Xan)
}
[−1],
where the maps ǫ and l are dened in [Ja℄.
For us Deligne ohomology H•D(X
an,Z(p)) just as the homology of the above
one omplex with respet to the dierential δ.
Our key appliation of the Deligne omplex is heking whether torsion yles in
motivi ohomology are nontrivial in Deligne ohomology. In [KLMS06℄ Kerr, Lewis
and Müller-Stah gave an expliit desription of a well-dened map of omplexes
(3) Z˜(X,−•)→ C2p+•D (Xan,Z(p))
from a quasi-isomorphi subomplex of Bloh's higher Chow omplex to Deligne
ohomology omplex whih indues a generalized Abel  Jaobi map from Bloh's
higher Chow groups to Deligne ohomology as we shall now desribe:
For any one omplex of the form (2) there is a natural long exat sequene of
the form
. . .→ H∗−1(A•) β→ H∗−1(B•)→ H∗(Cone({A• → B•}[−1]))→
→ H∗(A•) α→ H∗(B•)→ . . . ,
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where in our ase ker(α) = HomMHS(Z(0), H
∗(X,Z(p))), whih we may assume
to vanish for ∗ < 2p sine we may assume H∗(X,Z) torsion-free. Additionally,
coker(β) = Ext1MHS(Z(0), H
∗−1(X,Z(p))). Thus, the map (3) indues a map
(4) CHp(X,n)→ H2p−nD (Xan,Z(p)) ∼= Ext1MHS(Z(0), H2p−n−1(X,Z(p))).
Now, we shall make this map expliit. For this we need to reall urrents on
smooth varieties.
Denition 3.4. A durrent on the quasiprojetive variety X of omplex dimen-
sion m is a setion of the sheaf ′DdX := D2m−dX of distributions on C∞-forms on
Xan.
We will assoiate to any meromorphi funtion f ∈ C(X) the oriented (2m− 1)-
hain Tf := f−1(R−) as in [KLMS06, 5.1℄. The orientation is hosen so that
∂Tf = (f) = (f)0 − (f)∞. We are interested in a ertain urrent on n: Let
T n := Tz1 ∩ . . . ∩ Tzn
be a topologial nhain and write
Rn := R(z1, . . . , zn) := log(z1)d log(z2) ∧ . . . ∧ d log(zn)
+ (−1)n−1 (2πi log(z2)d log(z3) ∧ . . . ∧ d log(zn) · δTz1 + . . .
. . .+ (2πi)n−1 log(zn) · δTz1∩...∩Tzn−1
)
∈ ′Dn−1
n
F
.
Remark 3.5. Via pullbak, one an pretend that T n, Rn be urrents on X × nF .
But then one has to assure that the yle lass Z ∈ CHp(X,n) is in real good
position, i.e. intersets the faes of the real n-ube in an admissible way. The
subgroup Z˜p(X, •) ⊂ Zp(X, •) mentioned above is preisely the group generated
by yles in real good position.
Then we an nally state the expliit form of (4):
Proposition 3.6 ([KLMS06℄, Set. 5.7). The Abel  Jaobi map Φp,n (1) for a
yle lass [Z] ∈ CHp(Spec(C), 2p− 1) is given by:
1
(−2πi)p−1
∫
Z
R2p−1 ∈ H1D(Spec(C)an,Z(p)) ∼= C/Z(p).
Example 3.7. Consider a yle lass [Z] ∈ CH2(Spec(C), 3) interseting the real
3ube in an admissible way. Then we have
(5) −Φ2,3[Z] =
∫
Z∩Tz1
log(z2)d log(z3) + 2πi
∑
p∈Z∩Tz1∩Tz2
log(p)
as image of the yle lass. 
4. The setup
The aim of this artile is the determination of expliit generators for higher
Chow groups of number elds F . This is done in the following way: We start with
X0 = Spec(F ) and prove relations orresponding to funtional equations of the
dilogarithm to nd torsion yles in CHp(X0, 2p− 1). Then we build an analyti
variety out of X0 by using one of the r = [F : Q] = r1 + 2r2 omplex embeddings
σ : F →֒ C to pull bak torsion yles on CHp(F, 2p − 1) along the indued map
Spec(C)→ Spec(F ) and apply the Abel  Jaobi map from the previous setion to
hek whether our yles are indeed nontrivial:
CHp(F, 2p− 1) σ
∗
→ CHp(C, 2p− 1) Φp,2p−1−→ H1D(Spec(C)an,Z(p)) ∼= C/Z(p).
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Let us introdue some notation:
Denition 4.1. In general, given a map φ : (P1F )
n → (P1F )m for some n,m ∈ N,
let Zφ be the yle φ∗((P1F )
n) ∩m assoiated to φ in the sense of [Ful, set. 1.4℄.
Then let x = (x1, . . . , xn) and
[φ1(x), . . . , φm(x)] := Z(φ1(x),...,φm(x)).
In this paper we will be onerned with odimension two Chow groups where
there are ertain frational linear algebrai yles Ca, a ∈ F×, available in Z2(F, 3),
namely the images of a ∈ F× under the map ρ2 : Z[F×] → Z2(F, 3) whih are
likely to provide andidates (by remark 2.5) of generators of the whole Chow group
of a number eld: For some a ∈ F× let
Ca := Z(1− a
x
,1−x,x) =
[
1− a
x
, 1− x, x
]
be a so-alled Totaro yle resp. Totaro urve [Tot82℄. Note that ∂Ca = (1−a, a) 6=
0 ∈ Z2(F, 2). This means that exept for a = 1 there is no losed Totaro yle,
but we will see that ombinations of them are losed indeed in Z2(F, 3). Note also
that for some integers ni and Z :=
∑
i niCai ∈ CH2(F, 3) one obtains by diret
omputation of (5)
−Φ2,3[Z] =
∑
i
niLi2(ai) ∈ H1D(Spec(C)an,Z(2)).
Remark 4.2. In the rest of the artile one espeially has to are about the admissi-
bility ondition mentioned in the survey on higher Chow groups. Totaro yles are
known to be admissible. Moreover, a yle Z = [f(x), g(x), h(x)] is admissible if
and only if the following holds: Every zero or pole of one of the rational funtions
whih is also a zero or pole of another one, has to be ontained in the preimage of
1 of the third funtion.
In the rest of this paper we have either basially used analogous yles as Gangl
and Müller-Stah did, assumed their admissibility or heked the admissibility of
all yles ourring. So we shall not stress this point any more.
To simplify our omputations in the quotient Z2(F, 3)/∂Z2(F, 4), we divide out
an ayli subomplex of Z2(F, •) onsisting of yles with a onstant oordinate
on the left-hand side
Lemma 4.3. The following subomplex of Z2(F, •) is ayli:
Z ′(F, •) :=
. . .→ Z1(F, 1) ⊗ Z1(F, 3)→ Z1(F, 1)⊗ Z1(F, 2)→ Z1(F, 1)⊗ ∂Z1(F, 2)→ 0
Proof. First, one heks that this is a omplex. This follows at one as it is a trun-
ated version of Z1(F, •) tensored with Z1(F, 1), whih does not hange homology.
The ayliity of this subomplex is essentially the ayliity result of Nart
[Nar89℄ who expliitly onstruts a ontrating homotopy. His proof arries over
literally to our integral setting. Again the ayliity is not hanged by tensoring
the whole subomplex by Z1(F, 1). 
Denition 4.4. We set C2(F, •) := Z2(F, •)/Z ′(F, •).
Remark 4.5. Note that the Abel  Jaobi map is identially zero on terms ontained
in Z ′(F, •): For Z := [c, g(t), h(t)] ∈ Z ′(F, 3) with a onstant c suh that σ(c) /∈ R−,
we have |Z| ∩ Tc = ∅ whih implies Φ2,3(Z) = 0. By abuse of notation, Φ2,3 here
denotes the map of omplexes induing the Abel  Jaobi map in the Chow groups.
So
Z2(F, 3)
σ∗−→ Z2(C, 3) −Φ2,3−→ C/Z(2)
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indues a well-dened map
Kind3 (F )
∼= CH2(F, 3)→ C/Z(2),
where we used the (nonstandard) identiation
CH2(F, 3) ∼=H3(C2(F, •), ∂B) ∼=
∼=ker
{
Z2(F, 3)
∂Z2(F, 4) + Z1(F, 1)⊗ Z1(F, 2) →
Z2(F, 2)
Z1(F, 1)⊗ ∂Z1(F, 2)
}
.(6)
Thus, −Φ2,3 ◦ σ∗ is well-dened on (6) and it sues to onstrut higher Chow
yles in (6) rather than  as usual  in ker{ Z2(F,3)
∂Z2(F,4) → Z2(F, 2)}. Also note
that this reasoning is not possible in Gangl's and Müller-Stah's setting sine the
map of omplexes induing the Abel  Jaobi map is not identially zero on their
(alternating) subomplex ⊂ Z2(F, •) ⊗Q. This in turn implies that it is not well-
dened on their quotient. Here, we quotient by a smaller ayli subomplex and
do not loose any information.
Proposition 4.6. Let f, g, h1, h2 be rational funtions of one variable x suh
that all yles ourring are admissible. Then the following identities hold in
C2(F, 3)/∂C2(F, 4):
[h1(x)h2(x), f(x), g(x)] = [h1(x), f(x), g(x)] + [h2(x), f(x), g(x)](i)
−
X
x0∈div(f)
±
»
z − h1(x0)h2(x0)
z − h1(x0)
, z, g(x0)
–
+
X
x0∈div(g)
±
»
z − h1(x0)h2(x0)
z − h1(x0)
, z, f(x0)
–
,
[f(x), h1(x)h2(x), g(x)] = [f(x), h1(x), g(x)] + [f(x), h2(x), g(x)](ii)
+
X
x0∈div(f)
±
»
z − h1(x0)h2(x0)
z − h1(x0)
, z, g(x0)
–
,
[f(x), g(x), h1(x)h2(x)] = [f(x), g(x), h1(x)] + [f(x), g(x), h2(x)] .(iii)
Proof. Compute boundaries of elements of Z2(F, 4):
[
z−h1(x)h2(x)
z−h1(x) , z, f(x), g(x)
]
,[
f(x), z−h1(x)h2(x)
z−h1(x) , z, g(x)
]
, resp.
[
f(x), g(x), z−h1(x)h2(x)
z−h1(x) , z
]
, and keep in mind
that terms with a onstant in the left oordinate are ontained in Z ′(F, •). 
Before going on to proving something with these rules, let us examine the dif-
ferent types of terms in our omplex C2(F, •). Note also that there is another
kind of term with a onstant oordinate possible apart from the ones in the above
proposition, namely [f(x), c, g(x)] for rational funtions f, g and a onstant c.
Proposition 4.7. An admissible term of the form [f(x), c, g(x)] ∈ C2(F, 3) for
some Möbius transformations f, g and a onstant c ∈ F× an be expressed a sum
of terms of the form
Z(a, c) :=
[
1− 1− a
x
, c, 1− x
]
=
[
x− a
x− 1 , c, x
]
and terms with a onstant in the right oordinate.
Proof. Consider a generi admissible term Z := [f(x), c, g(x)]. Reparametrizing
x 7→ g−1(x) Z maps onto the still admissible term [f(g−1(x)), c, x]. Then by
invoking the above proposition suiently often, one an fator f(g−1(x)) into
terms of the form
ai−x
1−x . Note that the denominator guarantees admissibility. Again
reparametrizing x 7→ 1−x, we produe several terms of the form Z(ai, c) for ertain
onstants a, c and other terms with a onstant on the right. 
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Remark 4.8. The appearane of those terms in proposition 4.6 is the reason for the
main tehnial problems in the sequel. These lower order terms appear as soon
as one tries to prove dilogarithmi identities in the higher Chow groups and make
onrete omputations with the relations quite tedious. One needs some way of
eliminating them to simplify omputations.
Lemma 4.9. The following relation holds in C2(F, 3)/∂C2(F, 4) for rational fun-
tions f and g provided all of the terms are admissible:
[f(x), g(x), c] = − [f(x), c, g(x)] +
∑
x0∈div(f)
±Z(c, g(x0)).
Proof. The relation is just the boundary of
[
f(x), z−c
z−1 , g(x), z
]
∈ C2(F, 4). 
Lemma 4.10. Let a, b, c ∈ F×. Then there is a yleW ∈ C2(F, 4) whose boundary
gives rise to the following relation in C2(F, 3)/∂C2(F, 4) provided all the terms are
admissible:
[f(x), c, g(x)] = −
[
1
f(x)
, c, g(x)
]
+
∑
x0∈div(g)
±
([
z − 1
z − f(x0) , c, z
]
+ Z(c, f(x0))
)
.
Proof. Set W := −
[
z−1
z−f(x) , z, c, g(x)
]
, ompute its boundary to be
[f(x), c, g(x)] +
[
1
f(x)
, c, g(x)
]
+
∑
x0∈div(g)
±
[
z − 1
z − f(x0) , z, c
]
and then use the lemma above. 
Corollary 4.11. With the assumptions of the lemma we obtain:[
x− a
x− b , c, x
]
= Z(c,
a
b
), Z(a, c) = Z(c, a) ∈ C2(F, 3)/∂C2(F, 4).
Proof. One applies the lemma to alulate[
x− a
x− b , c, x
]
= −
[
x− b
x− a, c, x
]
+
[
x− 1
x− a
b
, c, x
]
+ Z(c,
a
b
),
multiplying the numerator and denominator of rst oordinate of the seond term
by b followed by substituting x 7→ xb−1, we have
= −
[
x− b
x− a, c, x
]
+
[
x− b
x− a, c, xb
−1
]
+ Z(c,
a
b
).
Splitting the seond term in the last oordinate gives the rst term and one term
with two onstant oordinates, i.e. an negligible term ontained in d2(F, 3) in the
sense of setion 2. So[
x− a
x− b , c, x
]
= Z(c,
a
b
)
For the seond assertion use the lemma to obtain
Z(a, c) =
[
x− a
x− 1 , c, x
]
= −
[
x− 1
x− a, c, x
]
+
[
x− 1
x− a, c, x
]
+ Z(c, a) = Z(c, a). 
In summary
(7)
[
x− a
x− b , x, c
]
= Z(c, a)− Z(c, b)− Z
(
c,
a
b
)
.
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Trivially, one also derives
[
x−a
x−b , x, c
]
=
[
x−a
x− a
b
, x, c
]
by omparing the orrespond-
ing right-hand sides. Note nally that[
x− a
x− b , x, c
]
+
[
x− b
x− a , x, c
]
=
[
x− 1
x− a
b
, x, c
]
.
Corollary 4.12. Let a, b, c ∈ F× and assume that F ontains an nth primitive
root of unity ζn. Then the following relations hold in C
2(F, 3)/∂C2(F, 4):
0 = n
[
x− a
x− b , x, ζn
]
= n
(
Z(a, ζn)− Z
(a
b
, ζn
)
− Z(b, ζn)
)
.
Proof. The relation follows trivially from equation (7) and proposition 4.6. 
In the sequel, we will make use of one more trik: Permuting oordinate entries:
Lemma 4.13. Let f, g, h be rational funtions in one variable, and let all of the
yles be admissible. Then the following identities hold in C2(F, 3)/∂C2(F, 4):
[f(x), g(x), h(x)] = − [f(x), h(x), g(x)] +
∑
x0∈div(f)
±Z(h(x0), g(x0)),
[f(x), g(x), h(x)] = − [g(x), f(x), h(x)] +
∑
x0∈div(g)
±Z(f(x0), h(x0)),
[f(x), g(x), h(x)] = − [h(x), g(x), f(x)] +
∑
x0∈div(f)
±Z(h(x0), g(x0))
−
∑
x0∈div(g)
±Z(f(x0), h(x0)) +
∑
x0∈div(h)
±Z(f(x0), g(x0)).
Proof. Compute the boundary of
[
f(x), z−g(x)
z−1 , h(x), z
]
, respetively the one of[
z−f(x)
z−1 , g(x), z, h(x)
]
, and lastly add the boundaries of
[
z−f(x)
z−1 , g(x), h(x), z
]
and[
z−g(x)
z−1 , h(x), z, f(x)
]
. 
Example 4.14. The following relation holds in C2(F, 3)/∂C2(F, 4):[
1− a
x
, x, 1− x
]
= −Ca + Z(a, 1− a).
So we an dene
C˜a :=
[
1− a
x
, 1− x, x
]
−
[
1− a
x
, x, 1− x
]
,
and see that C˜a = 2Ca − Z(a, 1 − a), in partiular C˜1 = 2C1. We shall use this
variant of terms in C2(F, 3)/∂C2(F, 4) later on. They play the role of the Rogers
dilogarithm: Expressing relations for the dilogarithm in terms of these elements
eliminates terms with a onstant in the middle. 
5. Relations
With the aid of proposition 4.6 we are now ready to mimi the proofs of several
relations as in [GMS99℄. The ideas will be more or less the same: Starting with
a suitable reparametrization of a Totaro yle, we break this term up into piees
whih an be identied or at least merged into other Totaro yles giving a relation
between ertain Totaro yles and some lower order terms.
Proposition 5.1. For a ∈ F× − {1} the following identity holds in the quotient
C2(F, 3)/∂C2(F, 4):
(8) Ca + C1−a − C1 = Z(a, 1− a).
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Proof. One easily alulates
Ca =
[
x− a
x
, 1− x, x
]
=
[
x− a
x− 1 , 1− x, x
]
+
[
x− 1
x
, 1− x, x
]
=
[
1− 1− a
x
, x, 1− x
]
+ C1.
Next one makes use of the rst relation of lemma 4.13 to see that
Ca = −C1−a + Z(1− a, a) + C1.
The laim follows from orollary 4.11. 
Remark 5.2. Copying the proof for C˜a from example 4.14 instead of Ca, we obtain
a relation without the lower order term: C˜a+ C˜1−a− C˜1 = 0 ∈ C2(F, 3)/∂C2(F, 4).
The following distribution relations are more interesting. Note that by [Ful, set.
1.4℄ we have nCan =
[
1− (a
z
)n
, 1− zn, zn]:
Proposition 5.3. Let a ∈ F× and assume F ontains a primitive nth root of unity
ζn. Then the following relation holds in C
2(F, 3)/∂C2(F, 4):
(9) nCan = n
2
n∑
j=1
C
ζ
j
na
+ 2
n∑
i=2
[
z −∏ij=1(1− ζjna)
z − (1− ζina)
, z, an
]
.
Proof. We prove the formula for n = 2, the general ase follows by repetition of
similar arguments, mainly proposition 4.6:
2Ca2 =
[
1−
(a
z
)2
, 1− z2, z2
]
(i)
=
[
1− a
z
, 1− z2, z2
]
+
[
1 +
a
z
, 1− z2, z2
]
(ii)
= 2
[
1− a
z
, 1− z, z2
]
+ 2
[
1 +
a
z
, 1− z, z2
]
+
[
z − (1− a2)
z − (1 − a) , z, a
2
]
+
[
z − (1 − a2)
z − (1 + a) , z, a
2
]
(iii)
= 4Ca + 4C−a +
[
z − (1− a2)
z − (1− a) , z, a
2
]
+
[
z − (1− a2)
z − (1 + a) , z, a
2
]
,
(10)
and the assertion in ase n = 2 follows from the relation [ z−a
z−b , z, c] = [
z−a
z− a
b
, z, c] in
C2(F, 3)/∂C2(F, 4) for a, b, c ∈ F×, so 2Ca2 = 4Ca+4C−a+2
[
z−(1−a2)
z−(1−a) , z, a
2
]
. 
Remark 5.4. Again, we an produe an analogous relation in terms of the C˜a: with
still no Z-terms, but with more terms with a onstant in the right oordinate.
Now let us turn to the ve-term relation. We shall prove it with several ways
of simplifying the extra terms. The rst one is a rened version of the one Gangl
and Müller-Stah proved. After that, one an use the relations from the previous
subsetion and some symmetry onsiderations to simplify it modulo 2-torsion.
Proposition 5.5. Let a, b ∈ F× − {1} suh that a 6= b, 1 − b. Then the following
relation holds in C2(F, 3)/∂C2(F, 4):
Va,b :=C a(1−b)
b(1−a)
− C 1−b
1−a
+ C1−b − C a
b
+ Ca − Z
(
1
b
,
1
1− a
)
−
[
z − 1
z − b , z, 1− b
]
+
[
z − b−a
b(1−a)
z − b−a1−a
, z,
1− b
1− a
]
+
[
z − 1
z − (1− a) , z, a
]
+
[
z − b−a
b(1−a)
z − b−a
b
, z,
a
b
]
= 0.
(11)
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Proof. We mimi the proof of [GMS99℄ making use of the basi proposition 4.6 We
shall use the tags numbering of the formulas in proposition 4.6. Let us start with
a reparametrization of C a(1−b)
b(1−a)
.
C a(1−b)
b(1−a)
=
[
b− t
b(1− t) ,
t− a
t(1− a) ,
a(1− t)
t(1− a)
]
(iii)
=
[
b− t
b(1− t) ,
t− a
t(1 − a) ,
1− t
1− a
]
+
[
b− t
b(1− t) ,
t− a
t(1− a) ,
a
t
]
(i),(ii)
=
[
b− t
1− t ,
t− a
t(1− a) ,
1− t
1− a
]
+
[
z − 1
z − 1
b
, z,
1
1− a
]
+
[
b− t
b(1− t) ,
t− a
t
,
a
t
]
+
[
b− t
b(1− t) ,
1
1− a ,
a
t
]
+
[
z − b−a
b(1−a)
z − b−a
b
, z,
a
b
]
−
[
z − 1
z − (1− a) , z, a
]
(i),(ii)
=
[
b− t
1− t ,
t− a
1− a ,
1− t
1− a
]
+
[
b− t
1− t ,
1
t
,
1− t
1− a
]
+
[
b − t
b
,
t− a
t
,
a
t
]
+
[
1
1− t ,
t− a
t
,
a
t
]
+
[
b− t
b(1− t) ,
1
1− a ,
a
t
]
+
[
z − b−a
b(1−a)
z − b−a1−a
, z,
1− b
1− a
]
+
[
z − 1
z − 1
b
, z,
1
1− a
]
+
[
z − b−a
b(1−a)
z − b−a
b
, z,
a
b
]
−
[
z − 1
z − (1− a) , z, a
]
.
We obtain after some inversions as in Gangl's and Müller-Stah's proof:
= C 1−b
1−a
− C1−b +
[
b− t
1− t ,
1
t
,
1
1− a
]
+ C a
b
− Ca
+
[
b− t
b(1− t) ,
1
1− a ,
a
t
]
+
[
z − b−a
b(1−a)
z − b−a1−a
, z,
1− b
1− a
]
+
[
z − 1
z − b , z, 1− b
]
+
[
z − 1
z − 1
b
, z,
1
1− a
]
+
[
z − b−a
b(1−a)
z − b−a
b
, z,
a
b
]
−
[
z − 1
z − (1− a) , z, a
]
.
Below, we also show that[
b− t
1− t ,
1
t
,
1
1− a
]
+
[
b− t
b(1− t) ,
1
1− a ,
a
t
]
= Z
(
1
b
,
1
1− a
)
−
[
z − 1
z − 1
b
, z,
1
1− a
]
to onlude
C a(1−b)
b(1−a)
= C 1−b
1−a
− C1−b + C a
b
− Ca + Z
(
1
b
,
1
1− a
)
+
[
z − 1
z − b , z, 1− b
]
−
[
z − b−a
b(1−a)
z − b−a1−a
, z,
1− b
1− a
]
−
[
z − b−a
b(1−a)
z − b−a
b
, z,
a
b
]
−
[
z − 1
z − (1− a) , z, a
]
.
So it remains to use prop. 4.6 and lemma 4.13 to show the following:[
b− t
b(1− t) ,
1
1− a ,
a
t
]
=
[
b− t
1− t ,
1
1− a,
1
t
]
−
[
z − 1
z − 1
b
, z,
1
1− a
]
= −
[
b− t
1− t ,
1
t
,
1
1− a
]
+ Z(
1
b
,
1
1− a )−
[
z − 1
z − 1
b
, z,
1
1− a
]
.
Adding the other term
[
b−t
1−t ,
1
t
, 11−a
]
gives the desired result. 
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Corollary 5.6. For a ∈ F× − {1} terms of the form
[
z−1
z−a , z, 1− a
]
are 2-torsion
in C2(F, 3)/∂C2(F, 4).
Proof. Compute 0 = Va,b − V1−b,1−a for a, b ∈ F× − {1}, a 6= b, 1− b to obtain
2
[
z − 1
z − a , z, 1− a
]
= 2
[
z − 1
z − (1− b) , z, b
]
.
Speializing b = −1, we obtain the result for a 6= −1, 2. But for a = 2 the result
holds trivially, and for a = −1, one has by proposition 4.6
2
[
z − 1
z + 1
, z, 2
]
=
[
z − 1
z + 1
, z, 2
]
−
[
z − 1
z + 1
, z,
1
2
]
(7)
= 2Z(−1, 2)− 2Z
(
−1, 1
2
)
= 2
[
z − 1
z − 2 , z,−1
]
by the symmetry of Z(a, b) and again (7). But this expression vanishes as shown
above. 
Corollary 5.7. Let a, b ∈ F× − {1} suh that a 6= b, 1 − b. Then the following
relation holds in C2(F, 3)/∂C2(F, 4):
C a(1−b)
b(1−a)
−C 1−b
1−a
+ C1−b − C a
b
+ Ca − Z(b, 1− a) +
[
z − b−a
b(1−a)
z − b−a1−a
, z,
1− b
1− a
]
+
[
z − 1
z − a , z, 1− b
]
+
[
z − b−a
b(1−a)
z − b−a
b
, z,
a
b
]
(12)
+
[
z − 1
z − (1− a) , z, a
]
−
[
z − 1
z − b , z, 1− b
]
= 0.
Proof. Use the proposition and Z
(
1
b
, 11−a
)
= Z(b, 1− a) +
[
z−1
z−a , z, 1− b
]
. 
Corollary 5.8. Let a, b ∈ F× − {1} suh that a 6= b, 1 − b. Then the following
relation holds in C2(F, 3)/∂C2(F, 4):
2V ′(a, b) := 2C a(1−b)
b(1−a)
− 2C 1−b
1−a
+ 2C1−b − 2C a
b
+ 2Ca − 2Z(b, 1− a)
+ 2
[
z − b−a
b(1−a)
z − b−a1−a
, z,
1− b
1− a
]
+ 2
[
z − 1
z − a , z, 1− b
]
+ 2
[
z − b−a
b(1−a)
z − b−a
b
, z,
a
b
]
= 0.
(13)
Proof. Combine orollaries 5.6 and 5.7. 
Corollary 5.9. Let a, b ∈ F× − {1}, a 6= b, 1− b. Then
2
[
z − 1
z − a , z, 1− b
]
= 2
[
z − 1
z − (1− b) , z, a
]
∈ C2(F, 3)/∂C2(F, 4).
Proof. Compute 2V ′(a, b)− 2V ′(1 − b, 1− a). 
Remark 5.10. Using the C˜a-terms from example 4.14 instead of Ca, we an again
get rid of the Z-term, but for the prie of several more terms with a onstant in
the right oordinate. We shall just use the relation just stated.
Now we ome to an inversion formula, whih will be valuable afterwards.
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Proposition 5.11. For c = a/b ∈ F× suh that a, b 6= 1, a /∈
{
b, 1− b, b
b−1
}
, the
following inversion relation holds in C2(F, 3)/∂C2(F, 4):
2
(
Cc + C 1
c
− 2C1
)
= Z(a, 1− a) + Z(b, 1− b) + Z
(
1
a
, 1− 1
a
)
+ Z
(
1
b
, 1− 1
b
)
− Z
(
1
b
,
1
1− a
)
− Z
(
b,
a
a− 1
)
− Z
(
1
a
,
1
1− b
)
− Z
(
a,
b
b− 1
)
plus some additional monodromy terms
−
[
z − a−b1−b
z − a−b
a(1−b)
, z,
b(1− a)
a(1− b)
]
−
[
z − 1
z − (1 − a) , z, a
]
−
[
z − a−b1−b
z − b−a
b
, z,
a
b
]
+
[
z − 1
z − b , z, 1− b
]
−
[
z − a−b
a(1−b)
z − a−b1−b
, z,
1− a
1− b
]
−
[
z − 1
z − (1− 1
a
)
, z,
1
a
]
−
[
z − a−b
a(1−b)
z − a−b
a
, z,
b
a
]
+
[
z − 1
z − 1
b
, z, 1− 1
b
]
−
[
z − b−a1−a
z − b−a
b(1−a)
, z,
a(b− 1)
b(a− 1)
]
−
[
z − 1
z − (1 − b) , z, b
]
−
[
z − a−b1−a
z − a−b
a
, z,
b
a
]
+
[
z − 1
z − a , z, 1− a
]
−
[
z − b−a
b(1−a)
z − b−a1−a
, z,
1− b
1− a
]
−
[
z − 1
z − (1− 1
b
)
, z,
1
b
]
−
[
z − b−a
b(1−a)
z − b−a
b
, z,
a
b
]
+
[
z − 1
z − 1
a
, z, 1− 1
a
]
.
Proof. Just as in the proof of [GMS99, Thm. 2.4℄. One only has to ollet all extra
terms. 
If we use our results modulo 2-torsion, then we an improve the result:
Proposition 5.12. For c = a/b ∈ F× suh that a, b 6= 1, a /∈
{
b, 1− b, b
b−1
}
, the
following inversion relation holds in the quotient C2(F, 3)/∂C2(F, 4):
0 = 4
(
Cc + C 1
c
− 2C1
)
− 2Z(b, 1− a)− 2Z(a, 1− b)
− 2Z
(
1
b
, 1− 1
a
)
− 2Z
(
1
a
, 1− 1
b
)
+ 2Z(b, 1− b) + 2Z
(
1
b
, 1− 1
b
)
+ 2
[
z − b−a
b(1−a)
z − b−a1−a
, z,
1− b
1− a
]
+ 2
[
z − 1
z − a , z, 1− b
]
+ 2
[
z − b−a
b(1−a)
z − b−a
b
, z,
a
b
]
+ 2
[
z − a−b
a(1−b)
z − a−b1−b
, z,
1− a
1− b
]
+ 2
[
z − 1
z − b , z, 1− a
]
+ 2
[
z − a−b
a(1−b)
z − a−b
a
, z,
b
a
]
+ 2
[
z − a−b
a−1
z − a−b
b(a−1)
, z,
a(1− b)
b(1− a)
]
+ 2
[
z − 1
z − 1
a
, z, 1− 1
b
]
+ 2
[
z − a−b
a−1
z − a−b
a
, z,
b
a
]
+ 2
[
z − b−a
b−1
z − b−a
a(b−1)
, z,
b(1− a)
a(1− b)
]
+ 2
[
z − 1
z − 1
b
, z, 1− 1
a
]
+ 2
[
z − b−a
b−1
z − b−a
b
, z,
a
b
]
.
(14)
Proof. Compute 2V ′(a, b)+2V ′( 1
a
, 1
b
)− (2Cb+2C1−b− 2C1−Z(b, 1− b))− (2C 1
b
+
2C1− 1
b
− 2C1− 2Z(1b , 1− 1b ) and then add the orresponding expression with a and
b interhanged. Then use (7) when needed. 
Remark 5.13. It is also possible to use the multipliativity of the Z-terms (7) in
order to have one Z-term, Z(ab, ab), only at the end resembling the funtional
equation of the dilogarithm, but this again produes several terms with a onstant
in the right oordinate. Therefore, we shall not make this expliit.
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6. Appliation to number fields
In this setion, we use the relations from the preeding setion in ombination
with the Abel  Jaobi map introdued earlier to nd expliit generators for the
Chow groups of some number elds. The strategy is the following:
We shall use the relations from the last setion to nd (ylotomi) torsion yles
in the Chow group and to put an upper bound on their order. Then we use the
well-denedness of the Abel  Jaobi map (i.e. the fat that Φ2,3(Z) 6= 0⇒ Z 6= 0
for some [Z] ∈ CH2(F, 3)) to put a lower bound on the order of a torsion yle. In
ase both bound oinide, we have determined the order of the yle in question.
We heavily make use of the following result from [Wei05℄, where we also take the
exat orders of the torsion parts of the algebrai Kgroups in our examples from:
Theorem 6.1 (Thm. 0.1). Let F be a number eld with r1 real and r2 onjugate
pairs of omplex plaes, and let OS be a ring of S-integers. Then K3(OS) ∼= K3(F ).
Further
K3(F ) ∼=
{
Z
r2 ⊕ Z/w2(F )Z, F is totally imaginary,
Z
r2 ⊕ Z/2w2(F )Z⊕ (Z/2Z)r1−1, F has a real embedding,
where the integer w2 is dened as follows: Let F be a separable losure of F
and G = Gal(F/F ) be the absolute Galois group. The abelian group µ of all roots
of unity in F is known to be a G-module. We write µ(2) for the abelian group µ
made into a G-module by letting g ∈ G at as ζ 7→ g2(ζ). In ase F is a global or
loal eld, it is proved in [Wei05, 2.3.1℄ that the group µ(2)G is a nite group with
its order denoted by w2(F ).
As remarked in [Wei05, p.7℄, the integer w2(F ) is always divisible by 24 and an
be omputed rather easily. In lo. it. it is remarked that Bass and Tate have
shown that
KM3 (F )
∼= (Z/2Z)r2
and by Results of Merkurjev and Suslin, one knows that this group injets into the
Quillen Kgroup, so that one an in priniple ompute the indeomposable K3 of
a given number eld abstratly. As an appliation of our relations from the last
setion, we determine expliit generators of the Kgroups, i.e. higher Chow groups
of some number elds.
Remark 6.2. As the referee pointed out, one has to note that the Abel  Jaobi
map as we introdued it is insuient to apture linear dependene of non-torsion
yles. For this one needs to take X := Spec(F )⊗
Q
C =
∐
σ:F →֒C(Spec(C)), whih
is simply given by r = [F : Q] points and pull bak yles Z under eah embedding
(for the omplex ones maybe just one of two onjugate [Hul℄) to get a yle in
CH3(X, 3) = ⊕σCH2(C, 3) and then apply −Φ2,3 to eah of the (pulled bak)
yles to get a vetor in (C/Z(2))⊕r . It may at least be onjetured that the map
CH2(F, 3)→ (C/Z(2))⊕r is injetive.
6.1. CH2(Q, 3): By the work of Lee and Szzarba (f. [LS76℄), we know that
CH2(Q, 3) ∼= Kind3 (Q) ∼= (Z/48Z)/(Z/2Z) ∼= Z/24Z.
From the distribution relation (9) for n = 2 we know 2C1 = −4C−1 ∈ CH2(Q, 3).
We now use a speialization of the inversion relation to obtain a seond relation
between C1 and C−1: We set b = −a. Noting that then for eah ve-term relation
the last two extra terms are 2-torsion, we use twie the inversion relation from
FUNCTIONAL EQUATIONS OF THE DILOGARITHM IN MOTIVIC COHOMOLOGY 15
proposition 5.11 and forget these terms at one:
8C−1 − 8C1 =
= 2
(
Z(−a, a
a− 1) + Z
(
−1
a
,
1
1− a
)
+ Z
(
1
a
,
1
1 + a
)
+ Z
(
a,
a
1 + a
)
+ Z
(
−1
a
, 1 +
1
a
)
+ Z
(
1
a
, 1− 1
a
)
+ Z (−a, 1 + a) + Z (a, 1− a)
−
[
z − 2a1+a
z − 21+a
, z,
1− a
1 + a
]
−
[
z − 21+a
z − 2a1+a
, z,
1− a
1 + a
]
−
[
z − 2a
a−1
z − 21−a
, z,
1 + a
1− a
]
−
[
z − 21−a
z − 2a
a−1
, z,
1 + a
1− a
])
.
(15)
Sine the admissible yle
[
z−1
z− x−a
x−b
, z, x, c
]
∈ C2(F, 4) bounds to
[
x− a
x− b , x, c
]
+
[
x− b
x− a, x, c
]
−
[
x− 1
x− a
b
, x, c
]
= 0 ∈ C2(F, 3)/∂C2(F, 4),
we an further simplify:
8C−1 − 8C1 =
= 2
(
Z
(
−a, a
a− 1
)
+ Z
(
−1
a
,
1
1− a
)
+ Z
(
1
a
,
1
1 + a
)
+ Z
(
a,
a
1 + a
)
+ Z
(
−1
a
, 1 +
1
a
)
+ Z
(
1
a
, 1− 1
a
)
+ Z (−a, 1 + a) + Z (a, 1− a)
+
[
z − 1
z − a, z, 1 + a
]
−
[
z − 1
z + a
, z, 1− a
])
.
(16)
Unfortunately we do not have any information about the orders of the terms on
the right-hand side in general. But we have a freedom of hoie for the parameter
a. If we hose the onstants on the right-hand side of the extra terms resp. one
of the onstants in the Zterms to be a root of unity, we ould ontrol the order
of the extra terms. In order to be able to hoose suitable onstants, the following
theorem due to Levine helps:
Proposition 6.3 ([Lev89℄, or. 4.6). Let E be an arbitrary eld and F an extension
of E. Then the map Kind3 (E) → Kind3 (F ) indued by the inlusion E →֒ F is
injetive.
Sine we know that Kind3 (E)
∼= CH2(E, 3), this is the result an be applied
in the following way: Returning to equation (16), we speialize further by setting
a = i :=
√−1 to bound the order of C1 ∈ CH2(Q(i), 3). This bound annot be
higher in CH2(Q, 3) beause of Levine's result quoted above on the injetivity of
the map between the orresponding Chow groups.
8C−1 − 8C1 = 2Z
(
i,
1 + i
2
)
+ 2Z
(
−i, 1− i
2
)
+ 2Z (−i, 1 + i) + 2Z (i, 1− i)
+ 2
[
z − 1
z − i , z, 1 + i
]
− 2
[
z − 1
z + i
, z, 1− i
]
.
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As terms of the form [−,−, ζ] for a primitive nth root of unity are n-torsion, only
the following terms survive multipliation by 2, while the last two terms are equal
to 2[ z−1
z−i , z,
1+i
1−i ]:
16C−1 − 16C1 = 4Z
(
i,
1 + i
2
)
+ 4Z
(
−i, 1− i
2
)
+ 4Z (−i, 1 + i) + 4Z (i, 1− i) .
Now we make use of (7) several times to obtain:
= 4Z(i, 1) + 4Z(−i, 1) = 0.
So if we ombine Levine's result with the relation 2C1 = −4C−1 oming from the
distribution relation, we immediately see that
24C1 = 48C−1 = 0 ∈ CH2(Q(i), 3),
and beause of the injetivity proved in Levine's theorem, it is lear that 24C1 = 0
in CH2(Q, 3) as well, hene the order of C1 divides 24. On the ontrary, to see
that the order is divisible by 24, apply −Φ2,3 to get Li2(1) = π26 . Sine we know
that the order of this group is exatly 24, this makes C1 a generator of CH
2(Q, 3).
Thus we an prove:
Proposition 6.4. The group CH2(Q, 3) ∼= Z/24Z is generated by the yle C1 ∈
CH2(Q, 3).
6.2. CH2(Q(i), 3): From Weibel's artile one obtains that CH2(Q(i), 3) ∼= Z ⊕
Z/24Z. Invoking the fat that C1 ∈ CH2(Q(i), 3) still has order 24 by omputing
the image under the Abel  Jaobi map, we immediately see that C1 also generates
the torsion part of the higher Chow group of Q(i):
Proposition 6.5. The torsion part of the group CH2(Q(i), 3) ∼= Z ⊕ Z/24Z is
generated by the yle C1 ∈ CH2(Q(i), 3).
The free part is generated by 4Ci or equivalently 4C−i.
Proof. The rst part is lear and the seond assertion follows from the fat that
∂(Ci) = (1− i, i) and that 4(i) ∈ ∂Z1(Q(i), 2) so that not Ci but 4Ci ∈ CH2(Q, 3)
and further that the image of 4Ci under the Abel  Jaobi map has a non-vanishing
imaginary part indiating that 4Ci is nontorsion in the Chow group. The same
reasoning applies to C−i. 
Remark 6.6. The group CH2(Q(ζ3), 3) ∼= Z2⊕Z/24Z is treated analogously: Sine
an generator of the torsion part of the Kgroup needs to be exatly 24-torsion, and
sine a similar alulation as above shows that the yle 3(Cζ + Cζ¯) is 12-torsion,
C1 an be the only generator of the torsion part of CH
2(Q(ζ3), 3).
The free part of the Chow group is generated by 3Cζ3 resp. 3Cζ23 as an be seen
by omputing the Abel  Jaobi map again.
Remark 6.7. Consulting Weibel's artile again, esp. propositions 2.7 and 2.8, one
an ompute the numbers w2(F ) for number elds rather easily and one an also
see that the number very often is equal to 24. The theorem of Levine 6.3 ombined
with the Abel  Jaobi map of Kerr, Lewis and Müller-Stah implies that whenever
the torsion part of CH2(F, 3) for a number eld F has order 24, it is generated by
C1.
6.3. CH2(Q(ζ5), 3): A number eld with a more interesting Chow group is treated
in this example: We are looking for a generator of the torsion part of the seond
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higher Chow group with order equal to 120. We use the distribution relation for
the fth roots of unity:
5C1 = 25C1 + 25Cζ5 + 25Cζ25 + 25Cζ¯25 + 25Cζ¯5
−20C1 = 25Cζ5 + 25Cζ25 + 25Cζ¯25 + 25Cζ¯5
−150(Cζ5 + Cζ¯5 ) = 150(Cζ25 + Cζ¯25 ).
Now, we use the inversion relation from proposition 5.11 with a = ζ35 , b = ζ
2
5 : We
an already simplify the relation a little: Terms with a fth root of unity in the
right oordinate are 5-torsion, while terms of the form
[
z−1
z−a , z, 1− a
]
are 2-torsion.
Note also that (
1−ζ35
1−ζ25
)10 = 1. So we multiply the whole relation by 10 and note that
ζ¯25 = ζ
3
5 to get
20Cζ5 + 20Cζ¯5 − 16C1 = 10
(
2Z(ζ35 , 1− ζ35 ) + 2Z
(
ζ25 , 1− ζ25
)
−Z
(
ζ35 ,
1
1− ζ35
)
− Z
(
ζ25 ,
ζ35
ζ35 − 1
)
− Z
(
ζ25 ,
1
1− ζ25
)
− Z
(
ζ35 ,
ζ25
ζ25 − 1
))
.
Remark 6.8. Note that we have already settled the admissibility of Z(a, b) for
arbitrary a, b ∈ F×. So one does not need to are when speializing to some
primitive roots of unity.
Now one applies equation (7) several times and keeps in mind that terms with
a nth root of unity in the rightmost oordinate are n-torsion. In partiular, e.g.
5Z
(
ζ25 ,
1
1−ζ25
)
= −5Z (ζ25 , 1− ζ25) :
20Cζ5 + 20Cζ¯5 − 16C1 = 10
(
3Z(ζ35 , 1− ζ35 ) + 3Z
(
ζ25 , 1− ζ25
)
−Z
(
ζ25 ,
ζ35
ζ35 − 1
)
− Z
(
ζ35 ,
ζ25
ζ25 − 1
))
.
Now, again from (7) and from ζ25 =
1
ζ35
we see that 5Z
(
ζ25 ,
ζ35
ζ35−1
)
) = −5Z (ζ25 , 1− ζ25)) :
20Cζ5 + 20Cζ¯5 − 16C1 = 40Z(ζ35 , 1− ζ35 ) + 40Z
(
ζ25 , 1− ζ25
)
.
Now,
40Z(ζ25 , 1− ζ25 ) + 40Z
(
ζ35 , 1− ζ35
)
= 40Z(ζ25 , 1− ζ25 ) + 40Z
(
ζ35 ,
ζ25 − 1
ζ25
)
= 40Z(ζ25 , 1− ζ25 ) + 40Z
(
ζ35 , 1− ζ25
)
+ 40Z(ζ35 , ζ10)
= 40Z(ζ35 , ζ10).
Now, we may assume both arguments of this term to be fth roots of unity
beause of the even fator in front. So, nally we assure 25Z(ζ′5, ζ5) = 0 ∈
C2(Q(ζ5), 3)/∂C
2(Q(ζ5), 4) for two fth roots of unity ζ5, ζ
′
5: From proposition
4.6, equation (ii), we see that
Z(ζ′5, ζ
2
5 ) = 2Z(ζ
′
5, ζ5) +
[
z − ζ25
z − ζ5 , z, ζ
′
5
]
.
Sine the last term on the right hand side is 5-torsion, we onlude by indution
0 = Z(ζ′5, 1) = 5Z(ζ
′
5, ζ5) + 5− torsion⇐⇒ 0 = 25Z(ζ′5, ζ5).
As the least ommon multiple of 25 and 40 is 300, we dedue from our omputations
above:
300Cζ5 + 300Cζ¯5 − 240C1 = 0 ∈ CH2(Q(ζ5), 3),
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but by proposition 6.3, 24C1 = 0 ∈ CH2(Q(ζ5), 3). These two results together
with the relation 150(Cζ5 +Cζ¯5) = −150(Cζ25 +Cζ¯25 ) ∈ C2(Q(ζ5), 3)/∂C2(Q(ζ5), 4)
from the distribution relation give us in the end
−300(Cζ5 + Cζ¯5 ) = 300(Cζ25 + Cζ¯25 ) = 0.
Remembering that Cζ5 /∈ CH2(Q(ζ5), 3), but 5Cζ5 ∈ CH2(Q(ζ5), 3), we an dedue
that the higher Chow yle 5(Cζ5 +Cζ¯5) or equivalently 5(Cζ25 +Cζ¯25 ) is 60-torsion.
Using the Abel-Jaobi map of setion 3, we ompute the image of this yle in
Deligne ohomology H1D(Spec(C)
an,Z(2)) ∼= C/Z(2) ∼= C/4π2Z to be π2/15:
−Φ2,3(5(Cζ5 + Cζ5)) = 5(Li2(ζ5) + Li2(
1
ζ5
)) = 5(−π
2
6
− 1
2
log(−ζ5)2) = π
2
15
,
so that the order of this yle is exatly 60. Remembering that C1 ∈ CH2(Q(ζ5), 3)
is of order 24, we dedue analogously to the former examples:
Proposition 6.9. The torsion part of the group CH2(Q(ζ5), 3) ∼= Z2 ⊕Z/120Z is
generated by the yle C1 + 5(Cζ5 + Cζ¯5) ∈ CH2(Q(ζ5), 3).
Remark 6.10. By lass eld theory one knows, that Q(
√
5) →֒ Q(ζ5). One may
ask for a generator of the higher Chow group of the former eld oming from a
generator of the higher Chow group of the latter eld: One knows by the theorem
of Levine that taking Galois onjugates of the generators of CH2(Q(ζ5), 3) and
pushing them down to CH2(Q(
√
5), 3) via the anonial inlusion Q(
√
5) →֒ Q(ζ5)
that there is a linear ombination of yles in CH2(Q(
√
5), 3) equivalent to the ones
oming down generating this group, but there is no obvious way of onstruting
them.
For example, one an make use of the Abel-Jaobi map one again to hek that
the image of the yle
(C 1
2 (
√
5−1) − C 14 (√5−1)2) ∈ CH
2(Q(
√
5), 3)
in Deligne ohomology is equal to π2/30 showing that the order of this yle is at
least 120. Combined with the result above on the isomorphi ylotomi eld, its
order must be equal to 120 turning it into a generator of CH2(Q(
√
5), 3). However
without the aid of [Lew82℄ and the regulator map of [KLMS06℄ there would be no
way of deteting yles of this kind.
6.4. CH2(Q(ζ8), 3): As a last example we onsider another ylotomi eld on-
taining three quadrati subelds. In order to nd a generator of its Chow group,
we shall start with a distribution relation again.
8C1 = 64
(
Cζ8 + Ci + Cζ38 + C−1 + Cζ58 + C−i + Cζ78 + C1
)
.
Using the distribution relation for the fourth roots of unity, i.e.
4C1 = 16(Ci + C−1 + C−i + C1),
we dedue
−8C1 = 64
(
Cζ8 + Cζ38 + Cζ58 + Cζ78
)
−192(Cζ8 + Cζ78 ) = 192(Cζ38 + Cζ58 ).
Let us now try to relate the terms in brakets using the inversion relation and some
auxiliary relations between terms with a onstant on the right. Note in partiular
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that we already multiplied by 8 in order to kill torsion terms:
16Cζ8+16Cζ78 − 8C1 = 8Z(ζn8 , 1− ζn8 ) + 8Z(ζ
n−1
8 , 1− ζn−18 ) + 8Z(ζ¯n8 , 1− ζ¯n8 )
+ 8Z(ζ¯n−18 , 1− ζ¯n−18 )− 8Z
(
ζ¯n−18 ,
1
1− ζn8
)
− 8Z
(
ζn−18 ,
1
1− ζ¯n8
)
− 8Z
(
ζ¯n8 ,
1
1− ζn−18
)
− 8Z
(
ζn8 ,
1
1− ζ¯n−18
)
− 8
[
z − 1
z − ζn8
, z, 1− ζn−18
]
− 8
[
z − 1
z − ζn−18
, z, 1− ζn8
]
.
Now we simplify the terms above:
16Cζ8+16Cζ78 − 8C1 = −8Z
(
ζn8 , (1− ζn8 )(1 − ζ¯n−18 )
)− 8Z(ζ¯n8 , (1 − ζ¯n8 )(1 − ζn−18 ))
− 8Z(ζn−18 , (1− ζn8 )(1− ζ¯n−18 ))− 8Z(ζ¯n−18 , (1− ζ¯n8 )(1− ζn−18 ))
− 8
[
z − 1
z − ζn8
, z, 1− ζn−18
]
− 8
[
z − 1
z − ζn−18
, z, 1− ζn8
]
and further
= −8Z(ζn8 , (1− ζn8 )(1 − ζ¯n−18 ))− 8Z(ζ¯n8 , (1− ζn8 )(1 − ζ¯n−18 ))− 8Z(ζn8 , ζ¯8)
− 8Z(ζn−18 , (1− ζn8 )(1− ζ¯n−18 ))− 8Z(ζ¯n−18 , (1− ζn8 )(1− ζ¯n−18 ))
− 8Z(ζ¯n−18 , ζ¯8)− 8
[
z − 1
z − ζn8
, z, 1− ζn−18
]
− 8
[
z − 1
z − ζn−18
, z, 1− ζn8
]
= −8Z(ζn8 , ζ¯8)− 8Z(ζ¯n−18 , ζ¯8).
The last step follows from the fat that
−8Z(ζn8 , (1− ζn8 )(1− ζ¯n−18 ))− 8Z(ζ¯n8 , (1− ζn8 )(1− ζ¯n−18 ))
= 8
[
z − 1
z − ζn8
, z, (1− ζn8 )(1 − ζ¯n−18 )
]
= 8
[
z − 1
z − ζn8
, z, 1− ζ¯n−18
]
and analogously for the other term. Finally it easy to see that
0 = 8Z(ζn8 , 1) = 64Z(ζ
n
8 , ζ
m
8 )
sine extra terms are 8-torsion. So we onlude 128Cζ8 + 128Cζ¯8 + 16C1 = 0 or in
other words 394(Cζ8 +Cζ¯8) = 0. Again, not Cζ8 , but 8Cζ8 ∈ CH2(Q(ζ8), 3) so that
the yle 8(Cζ8 + Cζ¯8 ) = 8(Cζ38 + Cζ¯38 ) is 48-torsion.
Invoking a regulator argument as in the above ase, we alulate the image of
this yle in H1D(Spec(Q)(ζ5)), Z(2)) ∼= C/4π2Z to be π2/12, so that the order of
this yle is exatly 48.
Proposition 6.11. The torsion part of the group CH2(Q(ζ8), 3) ∼= Z2⊕Z/48Z is
generated by the yle 8(Cζ8 + Cζ¯8) ∈ CH2(Q(ζ5), 3).
Remark 6.12. One knows that Q(ζ8) ontains three quadrati subelds, namely
Q(
√
2), Q(
√−2), and Q(i). It is easy to see that 4(Ci + C−i) ∈ CH2(Q(ζ8), 3)
already lives in CH2(Q(i), 3), and  as we have seen  also generates this group.
Unfortunately, it is far more ompliated to nd generators of the other two qua-
drati subelds.
One needs to onsider Gal(Q(ζ8) |Q(
√±2)) and take Galois onjugates of the
generators of the higher Chow group of the ylotomi eld. A desent argument
as above ensures that there is a yle in the quadrati subeld generating its higher
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Chow group. Unfortunately this is not onstrutive. But with the help of [Lew82℄
again, one nds that
2C(
√
2−1)4 − 12C(√2−1)2 + 8C√2−1 = C1.
Indeed, half of the left hand side is a yle in CH2(Q(
√
2), 3) having order 48, i.e.
is a generator of the Chow group.
A lever linear ombination of terms evaluated at algebrai arguments ertainly
gives a generator of CH2(Q(
√−2), 3). But we did not try to determine this om-
bination.
Remark 6.13. The above results are based on the following reasoning: As one knows
from [Wei05℄, the group K3(F ) for a number eld F with r1 real and r2 pairs of
onjugate omplex plaes is given by Kind3 (F )
∼= Zr2 ⊕ torsion. It is also proved in
this artile that the torsion part of the Kgroup of a ylotomi eld Q(ζp), p an
odd prime, is the same as the one of the maximal real subeld Q(ζp + ζp). Thus
ombinations of Totaro yles with ylotomi arguments whih already live in the
maximal real subeld are most likely to generate the torsion part of CH2(F, 3).
6.5. A remark on Qp: Sine our tehniques apply to innite elds, we an also
onsider p-adi elds: From [Wei05, Set.5℄, one knows that if E is a loal eld
with residue eld Fq of harateristi p, then the MilnorKgroups are unountable,
uniquely divisible abelian groups for n ≥ 3. Further, they are summands of the
Quillen Kgroups. These are known:
Proposition 6.14. [Wei05, Prop. 5.3℄ If i > 0 there is a summand of K3(E)
isomorphi to K3(Fq) ∼= Z/w2(Fq)Z, where
w2(Fq) =
{
24, q = 2, q = 3,
q2 − 1, else.
The omplementary summand is uniquely ℓ-divisible for every prime ℓ 6= p, i.e., a
Z(p)-module.
Sine we are interested in the indeomposable part of K3(E), we have to deter-
mine the Milnor Kgroup KM3 (E). But as remarked in [Wei05, Set. 5℄, this is
only known to be an unountable, uniquely divisible abelian group. Thus, we see
that
Kind3 (E)
∼= Z/w2(E)Z⊕M,
where M denotes the quotient of a Z(p)-module by the Milnor Kgroup. Further,
w2(E) is divisible by 24.
Proposition 6.15. Let F = Qp for p = 2, 3, 5. Then there is a summand in the
group CH2(F, 3) generated by C1 ∈ CH2(F, 3).
Proof. From the disussion above, the Chow group CH2(F, 3) of the elds in ques-
tion ontains a nite diret summand of order 24. We know that C1 ∈ CH2(Q, 3)
is of order 24 and by Levine's theorem (proposition 6.3) above, its order annot
derease in any extension. 
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